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Abstract: Application of the plane theory of elasticity to planar crack geometries leads to the concept of 
stress singularity and stress intensity factor, which are the cornerstone of contemporary fracture 
mechanics.  However, the stress state near an actual crack tip is always three-dimensional, and the 
meaning of the results obtained with the plane theory of elasticity and their relation to the actual 3D 
problems is still not fully understood. In particular, it is not clear whether the stress field found from the 
2D solutions of the theory of elasticity do describe the corresponding stress components in an actual 
plate made of a sufficiently brittle material and subjected to in-plane loading, and what effect the plate 
thickness has. In the present study, first order plate theory is adopted in attempt to answer these 
questions. New features of the elastic solutions obtained within this theory are discussed and 
compared with 2D results as well as with 3D numerical and experimental studies.  
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1 Introduction 
Most analytical and numerical investigations in fracture mechanics in the past fifty years were focused 
on two-dimensional or axisymmetric geometries, though three-dimensional effects were often 
acknowledged. Simplicity is the main reason for popularity of the 2D elastic theories to fracture 
mechanics problems. However, the stress state near an actual crack tip is always three-dimensional, 
and the meaning of the results obtained within the 2D theories and their relation to the actual 3D 
stress distribution is still not fully understood. In his conceptual paper on the past and future 
development of fracture mechanics, Erdogan [1] has identified three-dimensional crack problems as 
the area where further intensive research is needed. 
Many authors reported that plane strain conditions prevail near the crack tip subjected to normal 
loading and some elevation of the stress intensity for 3D over 2D results is observed. It was found that 
the 2D plane strain near tip solution is a good approximation of the 3D field for only very thick plates.  
Another interesting three-dimensional effect associated with in-plane shear loading of a through crack 
in a plate of finite thickness is the generation of the out-of-plane singular mode for materials with 
nonzero Poissons ratio (O-mode). Usually this kind of singularity is ignored in fracture analysis of 
structural components. However, a careful three-dimensional finite element analysis showed that a 
significant out-of-plane singular mode, similar to mode III (tearing mode) but symmetric with respect to 
the mid-plane of the plate, exists at the crack tip [2]. 
In the present paper, first order plate theory [3] (known as the Kane and Mindlin theory or generalized 
plane strain theory) is adopted to investigate the effect of the plate thickness on the values of the 
stress intensity factors for through-the-thickness cracks subjected to shear loading on infinity.  
2 Crack under shear loading 
Let consider a through crack of length 2a subjected to in-plane shear loading (sliding mode). In this 
case the out-of-plane singular mode will be generated for materials with nonzero Poissons ratio. 
Usually this effect is neglected in engineering fracture analysis. However, a three-dimensional finite 
element analysis of a crack subjected to in-plane shearing showed that a significant out-of-plane 
singular mode similar to Mode III deformation, but symmetric with respect to the mid-plane of the 
plate, does exist for relatively thin plates [2]. The aim of this section is to investigate this mode using 
first order plate theory [3]. Within this theory it is assumed that the out-of-plane strain is uniform in the 
thickness direction. That is, generalised plane strain conditions are assumed to exist. In addition, the 
simplification is made that each of the triaxial stress components are uniform across the thickness of 
the plate and are equal to the average through-the-thickness values. Results obtained within this 
theory have shown to be in good agreement with the through-the-thickness averages from careful 
three-dimensional FE studies [4,5]. 
  
Firstly, a coordinate system is introduced so that the crack faces can be described by y = 0, |x| £ a and 
|z| £ h. To begin with, a supplementary solution for the out-of-plane displacement jump across the line 
y = 0 will be obtained following the approach developed in [6]. The boundary conditions for the 
problem under consideration can be written in the following form: 
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where Bzh can be viewed as the intensity of the out-of-plane dislocation. 
The Fourier transform of the field variables is defined by the integral: 
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where s is the transform variable. If the in-plane coordinates are rescaled according to: 
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application of the Fourier transform (2) to the governing equations reduces them to a system of 
ordinary differential equations in , and only solutions which decay exponentially as  becomes large 
are retained as physically admissible. The form of the transformed field variables is found to be: 
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and the branch cuts of  and  are chosen such that: 
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everywhere in the complex s-plane. 
  
From boundary conditions, equations (1c) and (1d), the function A(s) is determined as: 
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and the stress resultants as: 
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where d  is the Dirac delta function. 
With the Fourier transforms of the field variables determined, the variables in the physical plane may 
be determined by means of the Fourier inversion integral: 
( ) ( ){ } ( ) ( ){ } 1       , , , , , ,2
isxN x y w x y N s y w s y e dsab abp
+¥
-¥
= ò . (9)  
By means of Cauchys theorem and Jordans lemma of contour integration theory, the path of 
integration may be deformed to embrace a cut running along the imaginary axis in the complex s-
plane.  From equation (9) the non-zero-stress resultants along 0y =  are found to be: 
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The integrands in equations (11a) and (11b) are free of singularities and can be easily calculated 
using standard numerical integration techniques. 
Next, the through-the-thickness crack subjected to the shear loading is revisited. In accordance with 
the concept of the distributed dislocation technique we introduce the densities of the in-plane and out-
of-plane ( )zB x  dislocations. Under the first-order plate theory it is assumed that the dislocation 
Burgers vector is uniform across the thickness of the plate and is equal to the through-the-thickness 
average value. Then, the system of singular equations can be written in the form: 
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where the kernels of this system, Kxz, Kzx and Kzz, are given in [7]. In addition, the dislocation density 
functions Bx and Bz also satisfy the following single-valuedness conditions: 
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Due to the averaging nature of the governing equations of the first-order plate theory, the crack tip 
singularity is taken as being inverse-square-root singular across the thickness of the plate. Other 
singularities that are associated with 3D geometry, for example the corner singularity found at the 
intersection of the crack front and the free surface [8], are unable to be described in this analysis. The 
new functions ( )xb l  and ( )lb z ,  atl /= , are therefore introduced as: 
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From an asymptotic analysis of the stress distribution, the stress intensity factor for mode II is found to 
be: 
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and from the analysis of the out-of-plane displacements, the value of the stress intensity factor of the 
out-of-plane mode OK  at the plate surfaces ( z h= ± ) is: 
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3 Results and discussion 
The system of singular equations (12) and (13) is solved using Gauss-Chebyshev quadrature. This 
provides a system of 2M linear equations in the 2M unknowns, bx(lj) and bz(lj) for j = 1 M, such that: 
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where m = x/a. The discrete integration and collocation points are given, respectively, by: 
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Results of the calculations are summarized in Figures 1 and 2. The increase of the stress intensity 
factor KII to its plane stress/strain value is insignificant and the variation of KII with the plate thickness 
can be neglected in engineering analysis of plate components. The most interesting feature of the 
shear loading of a through-the-thickness crack is the coupling effect of the shear mode II, and out-of-
  
plane singular mode which is presented in Figure 2 in terms of the ratio of the generated out-of-plane 
stress intensity factor, KO,  to the stress intensity factor of the applied mode II, KII. The value of KO  can 
be rather significant and reach almost half of the applied KII . It monotonically increases as Poissons 
ratio increaes and  h/a  ratio decreases. 
 
 
 
 
 
 
 
Figure 1. Ratio of the stress intensity factor KII obtained within the first order plate theory to its value 
obtained from the 2D theory of elasticity 
 
 
 
 
 
 
 
Figure 2. Ratio of the stress intensity factor of the out-of-plane mode to the applied stress intensity 
factor KII in the case of shear loading of a through-the-thickness crack 
In Table 1 a comparison is made of the results obtained in the present paper for the through-thickness 
average stress intensity factor at the tip of a long crack in a thin plate with the average stress intensity 
factor calculated for the same problem from 3D finite element (FE) analysis [9]. A very good 
correlation between the present results, which are based on the first order plate theory, and 3D 
numerical calculations can be observed. 
Table 1. Comparison of the present results with FE calculations in [9] 
 
 
 
 
It has to be noted at this point that the results obtained in the present paper are consistent with earlier 
results obtained by [10] for relatively large values of the ratio of the plate thickness to the crack length, 
up to h/a » 0.5. However, the latter results predict a sharp increase in the ratio of KII/to a  and sharp 
decrease in the ratio of Ko/KII, which suddenly starts from h/a » 0.1 and limits to zero when h/a ® 0. 
Such a behaviour was not reasonably explained in [10] and is in a contradiction with the numerical 
results of [2] and the latest finite element results in [9].  
It is often concluded from numerous experimental studies on mixed mode fracture of plates that KIIC is 
normally less than KIC. However, in the literature there is no generally accepted opinion on this 
discrepancy. Based on the current study, see Figure 2, the decrease in the fracture toughness of 
mode II can be associated with the generation of the out-of-plane singular mode in the case when a 
through-the-thickness crack is subjected to the shear loading on infinity. The value of the stress 
intensity factor of the out-of-plane singular mode, KO, is a function of the thickness of the plate to crack 
length ratio and the Poissons ratio. As most of experimental studies have been carried out at h/a < 0.5 
this factor is expected to have only a minor influence on the mode II fracture toughness. Due to 
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plasticity effects that always occur at the crack tip, although not included in the current study, the value 
of the Poissons ratio should be close to 0.5 if one considers the region very close to the crack tip. 
Then, the decrease of approximately 25% in the fracture toughness of mode II in comparison with 
mode I as predicted based on the first order plate theory is consistent with many experimental 
observations [11]. Furthermore, past analytical [2] and experimental [12] studies have suggested that, 
if an existing crack front is nearly straight, crack initiation under mixed-mode loading would tend to 
begin near the intersection of the crack front and free surface. This is in direct agreement with the 
present findings.  
3 Conclusions 
The major findings from current study are summarized as below: 
(1) For a through-the-thickness crack in an infinite plate, the plate thickness and Poissons ratio have a 
minor influence on the value of the average through the thickness stress intensity factors for fracture 
mode II. These effects can be neglected for most practical applications. This conclusion agrees with 
previous theoretical and numerical studies. 
(2) The comparison of the first order plate theory results for a long through-the-thickness crack in an 
infinite plate derived in this paper shows a very good agreement with 3D finite element calculations. 
(3) The effects of the plate thickness and Poissons ratio on the O-mode were investigated within the 
first-order plate theory for a through-the-thickness crack in an infinite plate. It was found that both 
factors are significant and can be responsible for the decrease of the fracture toughness of mode II in 
comparison with mode I. However, it is recognized that more work needs to be done to fully 
understand the effect of these singular modes on fracture as well as to conduct careful numerical and 
experimental studies to confirm or correct the present results and conclusions. 
Acknowledges 
The work reported herein was supported by the Australian Research Council (ARC), through research 
grant no. DP0557124. The support is gratefully acknowledged. 
References 
[1]  Erdogan, F., 2000. Fracture mechanics. International Journal of Solids and Structures 37, 171-183. 
[2] Nakamura, T., Parks, D.M., 1989. Antisymmetric 3-D field near the crack front of a thin plate. International 
Journal of Solids and Structures 25, 1411-1426. 
[3] Kane, T.R., Mindlin, R.D., 1956. High frequency extensional vibrations of plates. Journal of Applied 
Mechanics 23, 277-283. 
[4] Kaianauskas R, Zenon M, arnovskij V, Stupak E (2005) Three-dimensional correction of the stress 
intensity factor for a plate with a notch. International Journal of Fracture 136, 75-98. 
[5] She, C., Guo, W., 2007. Three-dimensional stress concentrations at elliptical holes in elastic isotropic plates 
subjected to tensile stress. International  Journal of Fatigue 29, 330-335. 
[6] Yang, W., Freund, L.B., 1985. Transverse shear effects for through-cracks in an elastic plate, International 
Journal of Solids and Structures 21, 977-994. 
[7] Kotousov, A., Wang, C.H., 2002. Fundamental solutions for the generalized plane strain theory. International 
Journal of Engineering Science 40, 1775-1790. 
[8] Benthem, J.P., 1980. The quarter-infinite crack in a half space; alternative and additional solutions. 
International Journal of Solids and Structures 16, 119-130. 
[9] She, C., Guo, W., 2007. The out-of-plane constraint of mixed-mode cracks in thin elastic plates. 
International Journal of Solids and Structures 44, 3021-3034. 
[10] Jin, Z.-H., Noda, N. A., 1994. Quasi-three-dimensional crack problem of an elastic plate subjected to in-
plane shear loading. Engineering Fracture Mechanics 49, 773-779. 
[11] Broek, D., 1978. Elementary Engineering Fracture Mechanics. Sijthoff and Noorhoff, Alphen an den Rijn, 
second edition. 
[12] Aoki, S., Kishimoto, K., Yoshida, T., Sakata M., Richard, H.A., 1990. Elastic-plastic fracture behavior of an 
aluminum alloy under mixed mode loading. Journal of Mechanics and Physics of Solids 38, 195-213. 
